Table of Contents

LASE OF FRGUIES ...ttt ettt e et esae et e sbeentesaeensesanenseennans vi
LISt OF TaDIES.........oooin ettt ettt sbe bbb X
Preface....ccovniieiiiiiie ettt ettt ettt et tae s ve s aeaaas X1
Notes to the Internet EAition........oovvuevviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieciiieeviieceie e Xiv

1. Introduction and Fundamental Concepts..............c.ccoocvveiiieniiniienienieeeeeee e 1
1.1 Basic Properties of Sets and Groups.........cceecveeievieeieneerieseeeeseeieseesee e sae e sseenees 3

1.2 Scalars, Vectors, and MatriCES.........oivvuviiiuiiiciieeetieeeee et e eereeeetee et seeneessneee e 5

1.3 Coordinate Systems and Coordinate Transformations...........ccccecereerienveerieevenieennnns 8

1.4 Tensors and TranSformMations. ..........couevuerierierierierieesee e 13

1.5 OPETALOTS ..eeneieeiieetieete ettt ettt e st e et e et e sateenbeesseesaseeseesseesnseenseesseesnseenseenssennsean 18
CRAPLET 1 EXEICISES ..eevvevieiesiieieeiieieeeesieetesteetesteetesseeaeeseesteesaessaessessaessesseessesseensesssensennes 22
Chapter 1 References and Additional Reading...........ccecvereeviieieniiecienieieseeeeeeeeeeee 23

2. The Numerical Methods for Linear Equations and Matrices.................ccooceeiieniennnn. 25
2.1 Errors and Their Propagation............ccccecueeieiieieniieieseeieeeeie e 26

2.2 Direct Methods for the Solution of Linear Algebraic Equations............c.ccccueen.ee.e. 28

a. Solution by Cramer's Rule...........ccocceeuieiiniiniiiiieiceeeeeeeeeeeeeeeee e 28

b. Solution by Gaussian EIMINation............ccceeeeceenieecienienieniesieeeeseeeeseenne 30

c. Solution by Gauss Jordan ElImination............cccceeeeeenenienieneneneneseeenens 31

d. Solution by Matrix Factorization: The Crout Method.............cccccervenennene 34

e. The Solution of Tri-diagonal Systems of Linear Equations............c..c........ 38

23 Solution of Linear Equations by Iterative Methods ............cccccveveivinnninccnenn. 39

a. Solution by The Gauss and Gauss-Seidel Iteration Methods....................... 39

b. The Method of Hotelling and Bodewig ........cccccocvevieieieienienicieieieeee 41

c. Relaxation Methods for the Solution of Linear Equations.......................... 44

d. Convergence and Fixed-point Iteration Theory..........ccocoeevivirenenenennenne. 46

24  The Similarity Transformations and the Eigenvalues and Vectors of a
IMEAETIX 1ttt 48



CRAPLET 2 EXEICISES ..evvevieieeiieieiiiesieetesteetesteetesteeaesseesesseeseessessaessesseessesssessesseensesseessensees 53

Chapter 2 References and Supplemental Reading.............cccoevevierieciinieniinieceeeeeeeenee, 54
Polynomial Approximation, Interpolation, and Orthogonal Polynomials................... 55
3.1 Polynomials and Their ROOLS...........ceoueiiiiiieieieieieeeeeeeee e 56
a. Some Constraints on the Roots of Polynomials.............ccccovevvivieniinieniennnns 57
b. SYNthetic DIVISION......c.ciiiiiriiiiiieieeieeeeeteeeee e 58
C. The Graffe Root-Squaring Process .........ccceceevvereeviiiieneecieneeieseee e 60
d. Tterative Methods ........cevvirieiiiiieirieee e 61
3.2 Curve Fitting and Interpolation...........cc.ecveeierierienienienienieeieeeeeee e 64
a. Lagrange Interpolation ...........c.ccevievierienieieneeese e 65
b Hermite Interpolation...........cccecveieieieieieieieieieeeee e 72
c. SPIINES ...ttt ettt ettt re e naeaeeneas 75
d Extrapolation and Interpolation Criteria ...........coceveeereerenieeneneeeneeereneene 79
33 Orthogonal POlynomials ..........cccueieieieieieieieieieieeeee e 85
a. The Legendre Polynomials............ccceeieviecienieienieiecceieecee e 87
b. The Laguerre Polynomials ...........cccocevieieienienienienieieieeeieeee e 88
c. The Hermite Polynomials..........ccccvevueeienieiienieieseeieceeeeeeee e 89
d. Additional Orthogonal Polynomials .............cccceeuevinenenieneneeceeeee 90
e. The Orthogonality of the Trigonometric Functions............ccccceeevevveevenennen. 92
Chapter 3 EXEITISES ...cuveveieieieieieieiesiestestestestetestessessessessessessessessessessessessessessessessessessensenns 93
Chapter 3 References and Supplemental Reading.............cccocvevvevienienienienienieneneceeeeeeeen, 95
Numerical Evaluation of Derivatives and Integrals...................ccoocooiiniiininiinineen. 97
4.1 Numerical DIifferentiation ..........c.cccoereireririneneeeee e 98
a. Classical Difference Formulae ............cccceevieeiieiinieiiineeieeeeeeeee e, 98
b. Richardson Extrapolation for Derivatives............cccoeevverierrenienenesesenrennens 100
4.2 Numerical Evaluation of Integrals: Quadrature ............cccccoeevevereneneneneeeeeennn, 102
a. The Trapezoid RUIE ........c.coovieiiiiieiceeeeeeee e 102
b. SIMPSON'S RUIC.......ooviiiiieiieiieiiceeeeeeeeeee et 103
c. Quadrature Schemes for Arbitrarily Spaced Functions...........ccccceeueennnee. 105
d. Gaussian Quadrature SChEMES ...........ccevveviieieciieieceeeece e 107
e. Romberg Quadrature and Richardson Extrapolation............cccccceverenenen. 111
f. MUltiple INtEEIAlS. ......coveieieiieiieieieieietet ettt eae s 113

ii



4.3 Monte Carlo Integration Schemes and Other Tricks........ccccooveverievenieniiieieeee 115

a. Monte Carlo Evaluation of Integrals...........cccocevveienienienienienierereceseeene 115
b. The General Application of Quadrature Formulae to Integrals ................. 117
CRapLer 4 EXEICISES ..euvervieieeieiietiesieeiesteetesteetesseeaeeseesseeseesseessessaessesseensesseensesseessesssensennes 119
Chapter 4 References and Supplemental Reading............ccceeveevevieciiniecienieeeieeeeee 120
Numerical Solution of Differential and Integral Equations................c.ccccocevnnnnane 121
5.1 The Numerical Integration of Differential Equations ...........ccccceevevvevienienienieniennenne. 122
a. One Step Methods of the Numerical Solution of Differential
EQUAtIONS ...ttt sttt sttt sttt be b ene s 123
b. Error Estimate and Step Size Control .........c.ccceeeveeeeniiecieniesieeieieceesieene 131
c. Multi-Step and Predictor-Corrector Methods .........cceevevievienienienieneneeenens 134
d. Systems of Differential Equations and Boundary Value
PrODICINS. ...ttt 138
e. Partial Differential EQUAtiONS..........ccceeveviiecienieiececeeeeeeeese e 146
5.2 The Numerical Solution of Integral Equations............ccceeveevierieniecieneecieeeeeeeeee 147
a. Types of Linear Integral EQUations............cccooevverierienieneneneneceeeeeee 148
b. The Numerical Solution of Fredholm Equations..........c.ccccecevieviervenieenn. 148
c. The Numerical Solution of Volterra Equations ...........cccccceveverienienienienenn. 150
d The Influence of the Kernel on the Solution.............cccooeiiiiiiiiiincncnn. 154
Chapter 5 EXEITISES ...c.veveiiieieieieieieietetetetestessessestessessessessesessessessessessessessessessessessensas 156
Chapter 5 References and Supplemental Reading ............cccoeeevevvevieniniineneneneceeeeeenee 158
Least Squares, Fourier Analysis, and Related Approximation Norms ...................... 159
6.1 Legendre's Principle of Least SQUATES..........coerierierienienieneierieeeee e 160
a. The Normal Equations of Least Squares...........cccceeevevereneneneeeeeeeenen, 161
b. Linear Least SQUATES........cccoeeeieieieieieieieiete ettt 162
c. The Legendre APProXimation ..........c.cceeeeeeeereeeeeerieieriersensessensessessessensens 164
6.2 Least Squares, Fourier Series, and Fourier Transforms.............cccoevevvevverienienrennenne. 165
a. Least Squares, the Legendre Approximation, and Fourier Series.............. 165
b. The Fourier INtegral...........cocveeieieiiieieieieiesieeesete e 166
c. The Fourier Transform .........ccccccvevieieriieieeeesie e 167
d The Fast Fourier Transform Algorithm ............cccocevevieniniinineneceeeeenene 169

iii



6.3 Error Analysis for Linear Least-Squares .........c.ccceveeievieeeeneeiiereeieseeee e 176

a. Errors of the Least Square Coefficients ...........coceeeveviererineneneceeeeenene 176

b. The Relation of the Weighted Mean Square Observational Error
to the Weighted Mean Square Residual............ccoovevevieniininineniccceeenene 178
c. Determining the Weighted Mean Square Residual .............ccccveevevieinnn. 179
d. The Effects of Errors in the Independent Variable.............cccccevveienienennen. 181
6.4  Non-linear Least SQUATES .........ccevuerierierierierieriesiesieee ettt enes 182
a. The Method of Steepest Descent............ccveeeereecieneeneeieeeieseee e 183
b. Linear approximation of f(;,X) ........cccoeeermeenneinneinnceeccreecnee 184
c. Errors of the Least Squares Coefficients..........ccceeceevieeeenievienierecieseene 186
6.5 Other ApproXimation NOTINS ........ccuerierierierieeiereeeeseeeesteeaeseesseeseesseeeesseeseesseenes 187
a. The Chebyschev Norm and Polynomial Approximation .................c........ 188

b. The Chebyschev Norm, Linear Programming, and the Simplex
IMELROM ..ot 189
c. The Chebyschev Norm and Least SQUATes ..........ccceeeveveevienieeniencieneeiennens 190
CRApLEr 6 EXEICISES ..ecvvervieiieiieiietierieeiesteetesteeteeteeteeseesaeeseesseessesseessesseesseessensasseessesnsensennns 192
Chapter 6 References and Supplementary Reading............ccoeveevevieviinieneeienieieeeeeeen 194
Probability Theory and StatiStics ..............cccoooioiiiiiininiieeeee e 197
7.1 Basic Aspects of Probability Theory .........cccooevereiiiiiineeeeeeeeee 200
a. The Probability of Combinations of Events...........ccccceeevevieneneeeneenenenn 201
b. Probabilities and Random Variables............ccccoevevieieniiciiiicecieeeeee 202
c. Distributions of Random Variables...........cccceiveririneinineireececeenee. 203
7.2 Common Distribution FUNCIONS ........c.cocerieirieiiiinieineneeeeeeeeeeeeee e 204
a. Permutations and Combinations.............cceecverierieeeenieeieeseesieeeesre e saeenens 204
b. The Binomial Probability DisStribution............cccceevevverienienienienenienesiennennns 205
c. The Poisson DiStribUtION .........cc.eeveiuieiiieieiieieceeie et 206
d. The NOImMal CUIVE ..ot 207
e. Some Distribution Functions of the Physical World.............ccceeniennnnee. 210
7.3 Moments of Distribution FUNCHONS..........cccoiiieiiiiiriiciesecieceee e 211
7.4 The Foundations of Statistical ANalysis .........cccccererieineririenerirenicnee e 217
a. Moments of the Binomial DisStribution .............cceevevievienienienienenieneseeenns 218
b. Multiple Variables, Variance, and Covariance.............ccceceevverveeveerrenueennnne 219
c. Maximum LikelThood ..........ccoceoiiiriiiiiiieeeee e 221

iv



CRapLEr 7 EXEITISES .oouveruieiieiieiieeiesieeiesteetesteete st eseeseesseesaesseessesseessesseessesssensesssessesssessennns 223

Chapter 7 References and Supplemental Reading............ccceeveeveviieiiiniecienieneeieeeee 224

Sampling Distributions of Moments, Statistical Tests, and Procedures...................... 225

8.1 The t, Xz , and F Statistical Distribution Functions...............cccccoeveevveecrieeieeneenenne. 226

a. The t-Density Distribution Function ...........ccccceeeeveeiinceenieseeieseeieseeene 226

b. The * -Density Distribution FUNCHON «.............. v eeeeeeeeeseeeees 227

C. The F-Density Distribution FUnction...........ccccoecvevieeenienieiieneeieseeieeene 229

8.2 The Level of Significance and Statistical TeSts ........ccceoeeveerievierierereecieceeeeeeene 231

a. The "Students" t=TeSt.....c.coveiririeirieree e 232

b. TRE YZESE et s e seee s s s s e s e e s s se e e se e 233

C. TRE FAEST ..ttt 234

d Kolmogorov-Smirnov TestS.........ccevievierierienieieeieseeeese et 235

8.3 Linear Regression, and Correlation AnalysiS........ccceecveveeviereecieneesieseereeeeesee e 237
a. The Separation of Variances and the Two-Variable Correlation

COCTIICIENL. ...ttt 238

b. The Meaning and Significance of the Correlation Coefficient .................. 240

C. Correlations of Many Variables and Linear Regression ...........c.ccccevne..e. 242

d ANalysiS Of VATIANCE.......ccouiriiiiriieiieieeieeieeteeeeieeee et 243

8.4  The Design of EXPErimMENts ........ccccceeeririririniiirieieeieeiceeeceeee et 246

a. The Terminology of Experiment Design .........ccoceveeiverineneneeieeeeeenen 249

b. Blocked DESIZNS .....cueeuieieieieieeeee et 250

c. Factorial DESINS .......cccveieieirieieieieeeieeecee et 252

Chapter 8  EXEITISES ...eveveieiiiiieietestestesteete et sttt st te st ebeebeebeebeebesseeseebeesesseebeesesseenas 255

Chapter 8 References and Supplemental Reading .............cccoevevierienienienienienieieicieienees 257

INA@X ettt bttt a et b e 257



