
Preface

The core of this book, Chapters 3 through 5, presents a course on metric,
normed, and Hilbert spaces at the senior/graduate level. The motivation for
each of these chapters is the generalisation of a particular attribute of the
Euclidean space Rn: in Chapter 3, that attribute is distance; in Chapter 4,
length; and in Chapter 5, inner product. In addition to the standard topics
that, arguably, should form part of the armoury of any graduate student
in mathematics, physics, mathematical economics, theoretical statistics,...,
this part of the book contains many results and exercises that are seldom
found in texts on analysis at this level. Examples of the latter are Wong’s
Theorem (3.3.12) showing that the Lebesgue covering property is equivalent
to the uniform continuity property, and Motzkin’s result (5.2.2) that a
nonempty closed subset of Euclidean space has the unique closest point
property if and only if it is convex.

The sad reality today is that, perceiving them as one of the harder parts
of their mathematical studies, students contrive to avoid analysis courses at
almost any cost, in particular that of their own educational and technical
deprivation. Many universities have at times capitulated to the negative
demand of students for analysis courses and have seriously watered down
their expectations of students in that area. As a result, mathematics ma-
jors are graduating, sometimes with high honours, with little exposure to
anything but a rudimentary course or two on real and complex analysis,
often without even an introduction to the Lebesgue integral.

For that reason, and also in order to provide a reference for material
that is used in later chapters, I chose to begin this book with a long
chapter providing a fast–paced course of real analysis, covering conver-
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gence of sequences and series, continuity, differentiability, and (Riemann
and Riemann–Stieltjes) integration. The inclusion of that chapter means
that the prerequisite for the book is reduced to the usual undergraduate
sequence of courses on calculus. (One–variable calculus would suffice, in
theory, but a lack of exposure to more advanced calculus courses would in-
dicate a lack of the mathematical maturity that is the hidden prerequisite
for most senior/graduate courses.)

Chapter 2 is designed to show that the subject of differentiation does
not end with the material taught in calculus courses, and to introduce the
Lebesgue integral. Starting with the Vitali Covering Theorem, the chap-
ter develops a theory of differentiation almost everywhere that underpins a
beautiful approach to the Lebesgue integral due to F. Riesz [39]. One minor
disadvantage of Riesz’s approach is that, in order to handle multivariate
integrals, it requires the theory of set–valued derivatives, a topic sufficiently
involved and far from my intended route through elementary analysis that
I chose to omit it altogether. The only place where this might be regarded
as a serious omission is at the end of the chapter on Hilbert space, where
I require classical vector integration to investigate the existence of weak
solutions to the Dirichlet Problem in three–dimensional Euclidean space;
since that investigation is only outlined, it seemed justifiable to rely only
on the reader’s presumed acquaintance with elementary vector calculus.
Certainly, one–dimensional integration is all that is needed for a sound in-
troduction to the Lp spaces of functional analysis, which appear in Chapter
4.

Chapters 1 and 2 form Part I (Real Analysis) of the book; Part II (Ab-
stract Analysis) comprises the remaining chapters and the appendices. I
have already summarised the material covered in Chapters 3 through 5.
Chapter 6, the final one, introduces functional analysis, starting with the
Hahn–Banach Theorem and the consequent separation theorems. As well
as the common elementary applications of the Hahn–Banach Theorem, I
have included some deeper ones in duality theory. The chapter ends with
the Baire Category Theorem, the Open Mapping Theorem, and their con-
sequences. Here most of the applications are standard, although one or two
unusual ones are included as exercises.

The book has a preliminary section dealing with background material
needed in the main text, and three appendices. The first appendix de-
scribes Bishop’s construction of the real number line and the subsequent
development of its basic algebraic and order properties; the second deals
briefly with axioms of choice and Zorn’s Lemma; and the third shows how
some of the material in the chapters—in particular, Minkowski’s Separation
Theorem—can be used in the theory of Pareto optimality and competitive
equilibria in mathematical economics. Part of my motivation in writing
Appendix C was to indicate that “mathematical economics” is a far deeper
subject than is suggested by the undergraduate texts on calculus and linear
algebra that are published under that title.
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I have tried, wherever possible, to present proofs so that they translate
mutatis mutandis into their counterparts in a more abstract setting, such
as that of a metric space (for results in Chapter 1) or a topological space
(for results in Chapter 3). On the other hand, some results first appear
as exercises in one context before reappearing as theorems in another: one
example of this is the Uniform Continuity Theorem, which first appears as1

Exercise (1.4.8: 8) in the context of a compact interval of R, and which is
proved later, as Corollary (3.3.13), in the more general setting of a compact
metric space. I hope that this procedure of double exposure will enable
students to grasp the material more firmly.

The text covers just over 300 pages, but the book is, in a sense, much
larger, since it contains nearly 750 exercises, which can be classified into at
least the following, not necessarily exclusive, types:

• applications and extensions of the main propositions and theorems;

• results that fill in gaps in proofs or that prepare for proofs later in
the book;

• pointers towards new branches of the subject;

• deep and difficult challenges for the very best students.

The instructor will have a wide choice of exercises to set the students as
assignments or test questions. Whichever ones are set, as with the learning
of any branch of mathematics it is essential that the student attempt as
many exercises as the constraints of time, energy, and ability permit.

It is important for the instructor/student to realise that many of the
exercises—especially in Chapters 1 and 2—deal with results, sometimes
major ones, that are needed later in the book . Such an exercise may not
clearly identify itself when it first appears; if it is not attempted then, it
will provide revision and reinforcement of that material when the student
needs to tackle it later. It would have been unreasonable of me to have
included major results as exercises without some guidelines for the solution
of the nonroutine ones; in fact, a significant proportion of the exercises of
all types come with some such guideline, even if only a hint.

Although Chapters 3 through 6 make numerous references to Chapters 1
and 2, I have tried to make it easy for the reader to tackle the later chapters
without ploughing through the first two. In this way the book can be used
as a text for a semester course on metric, normed, and Hilbert spaces. (If

1A reference of the form Proposition (a.b.c) is to Proposition c in Section b of
Chapter a; one to Exercise (a.b.c: d) is to the dth exercise in the set of exercises
with reference number (a.b.c); and one to (B3) is to the 3rd result in Appendix
B. Within each section, displays that require reference indicators are numbered
in sequence: (1), (2), . . . . The counter for this numbering is reset at the start of
a new section.
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Chapter 2 is not covered, the instructor may need to omit material that
depends on familiarity with the Lebesgue integral—in particular Section 4
of Chapter 4.) Chapter 6 could be included to round off an introductory
course on functional analysis.

Chapter 1 could be used on its own as a second course on real analysis
(following the typical advanced calculus course that introduces formal no-
tions of convergence and continuity); it could also be used as a first course
for senior students who have not previously encountered rigorous analysis.
Chapters 1 and 2 together would make a good course on real variables, in
preparation for either the material in Chapters 3 through 5 or a course on
measure theory. The whole book could be used for a sequence of courses
starting with real analysis and culminating in an introduction to functional
analysis.

I have drawn on the resource provided by many excellent existing texts
cited in the bibliography, as well as some original papers (notably [39], in
which Riesz introduced the development of the Lebesgue integral used in
Chapter 2). My first drafts were prepared using the T 3 Scientific Word
Processing System; the final version was produced by converting the drafts
to TEX and then using Scientific Word. Both T 3 and Scientific Word are
products of TCI Software Research, Inc.

I am grateful to the following people who have helped me in the
preparation of this book:

— Patrick Er, who first suggested that I offer a course in analysis for
economists, which mutated into the regular analysis course from
which the book eventually emerged;

— the students in my analysis classes from 1990 to 1996, who suffered
various slowly improving drafts;

— Cris Calude, Nick Dudley Ward, Mark Schroder, Alfred Seeger, Doru
Stefanescu, and Wang Yuchuan, who read and commented on parts
of the book;

— the wonderfully patient and cooperative staff at Springer–Verlag;

— my wife and children, for their patience (in more than one sense).

It is right and proper for me here to acknowledge my unspoken debt of
gratitude to my parents. This book really began 35 years ago, when, with
their somewhat mystified support and encouragement, I was beginning my
love affair with mathematics and in particular with analysis. It is sad that
they did not live to see its completion.

Douglas Bridges
28 January 1997




